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(-H ' Abstract. The Horrocks-Mumford bundle E is a famous stable complex vector bundle of rank 2 on 

rS^ ' 4-dimensional complex projective space. By construction, E has a natural Hermitian metric hi. On the 

other hand, stability implies the existence of a Hermitian-Einstein metric in E which is unique up to a 
positive scalar. Now the obvious question is if h\ is in fact the Hermitian-Einstein metric. In this note 
we indicate how to show by computation that this is not the case. 
^H ■ 
> 
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1 Introduction and main result 

o 
o 

Let N be a null correlation bundle on complex projective 3-space P3, i.e. a quotient of 
Qi by 0p 3 (— 1) (see e.g. |PSS|| ). Then N is stable in the sense of [PSS| , or equivalently, 



^-stable in the sense of |[L'1|| , where g is the Fubini-Study metric in P 3 , so the Kobayashi- 
Hitchin correspondence tells us that there exists a ^-Hermitian-Einstein metric ho in N, 
which is unique up to a constant positive factor. On the other hand, the standard metric 
in C 4 not only induces the Fubini-Study metric in P 3 , but also natural metrics in fi^ 



and Cp 3 (— 1), and hence a metric hi in the quotient N, too. Now the obvious question 



arises: 



(Q) Does it hold hi — c - ho with a positive constant c, or equivalently, does hi satisfy 
the g-Hermitian-Einstein equation 

(HE) K hl =\- id E 

where Kh x is the mean curvature of hi and A a real constant? 

This question was answered in the affirmative in by manual computations with respect 
to local coordinates and a local holomorphic frame field. 



2 OUR APPROACH 2 

In this note we consider the following similar situation. It is well known that on the 
4-dimensional complex projective space P4 = P(C 5 ) there exists a stable holomorphic 
2-bundle E with Chern numbers ci(E) = 5 and 02(E) = 10 , the Horrocks-Mumford 
bundle [HM] , [PSS|| . Again, stability of E in the sense of ||OSS|| is the same as (^-stability 



in the sense of ULTfl , where g is the Fubini-Study metric in P4, so there exists a g- 
Hermitian-Einstein metric ho in E, which is unique up to a constant positive factor. On 
the other hand, using the construction of E given in flOSSfl one gets in a natural way 



an explicit metric hi in E induced by the standard metric in C 5 , hence question (Q) 
arises for E, too. Again we used explicit calculations in local coordinates to tackle this 
problem, and the result is 

Theorem 1 The metric natural metric hi in the Horrocks-Mumford bundle is NOT 
g-Hermitian- Einstein. 

In section 2 we sketch our approach to the problem, and in section 3 we give some details 
and explicit formulae which should be sufficient to make our calculations reproducible. 



2 Our approach 

The construction in [OSS] we use does not produce the bundle E directly, but the 
bundle E(—2) — E ® 0p 4 (— 2) and a metric h in it. Let h 2 be the standard metric in 
Op 4 (2) = Cp 4 (1) 02 , induced by the canonical inclusion 0p 4 (1)* = Op 4 (-1) ^P 4 xC 5 
and the standard metric in C 5 , then the natural metric hi in E — E(—2) <S> 0p 4 (2) is 
the metric induced by h and hi- 

Our initial guess was that hi would be indeed g-Hermitian-Einstein. Since hi is known 
to be g-Hermitian-Einstein, this is equivalent to h being g-Hermitian-Einstein. Hence 
we attempted to show that the equation (HE) holds for h; by continuity, it suffices to 
do that on some open dense subset Uq of P4. So in a suitable chart for P4 we explicitely 
determined a matrix representation H of the metric h with respect to a holomorphic 
frame field; this already involved algebraic calculations which where impossible to do 
by hand (H contains rational expressions in the 8 real variables xi,xi,... , #4,X4, with 
numerators of degree up to 16), so we used the computer package MAPLE. The next 
step would have been the calculation of the mean curvature, i.e. essentially the matrix 
K = (K i:j )l j=1 where 

K = _ y e« (y _*!§*_#** _ y ^ ff «^^ 



2 OUR APPROACH 



Here the g a p are the coefficients of the Fubini-Study metric with respect to the local 
holomorphic coordinates x a , and upper indices mean coefficients of the inverse matrix. 
Now if the metric h was g-Hermitian, then since c\(E(—2)) = 1 this would be equivalent 

to K(x) = I „ I for all x E Uq . (Notice that the constant A in (HE) is determined 

by the topology of E (see e.g. [LT]) and can therefore be determined a priori.) 

Unfortunately, MAPLE was not able (at least on our computer) to calculate if in a 
general point x (the main problem being the inverse of H), so we decided to do some 
testing. 

For this, we first let MAPLE determine the derivatives involved in the formula for Kij 
in a general point. Then we took the particular point xo = (x®, . . . , x°) = (1,1,1,1) , 
and could calculate K(x°) (inversion of the scalar matrix H(x°) is easy). The result was 
(as we had hoped) indeed 

K(x°) = ( 2 ° 



2 
We repeated the procedure with the point x l = (2, 1, 1, 1), and again we got 

AV) = ( o 2 

This seemed to indicate that we had in fact some chance to be right with our first guess. 

In the meantime, we had started a different test by looking at the determinant line 
bundle L := det E(—2) . The induced metric det h in L is given over Uq by the function 
det H, and if h was g-Hermitian-Einstein, then det h would be g-Hermitian-Einstein, 
too; more precisely, the mean curvature K& et h of det h would be the constant function 
4. Again we got a problem: MAPLE could calculate det H, but was not able to simplify 
the resulting rational function to a form from which it could determine K^ et H- But we 
made the motivated guess that 

I 121 121 121 12 
, , u \Xl\ F2 F3 F4 

det H = - 



1 + \\x 



2 



and where able (using MAPLE) to verify the correctness of this formula. Now it was 
easy to check (even by hand) that indeed K detH = 4 , i.e. that the induced metric in 
det E(—2), and hence that in det E, is g-Hermitian-Einstein. 

So far everything seemed to be okay, but testing of a third point x 2 = (1 + i, 1,1,1) 
gave the disappointing result 



2 



217 



K(X Z ) = ( 217 2 ^" 2 



25992 



2 



3 SOME DETAILS AND FORMULAE 4 

This of course meant precisely what we did not want to show, namely that the metric 
in E(—2), and hence the metric in E, is not g-Hermitian- Einstein. 



3 Some details and formulae 

The bundle E{—2) is the cohomology of a monad 

(M) -> C 5 <g> CV 4 -*» (A 2 Q)® 2 -*► (C 5 )* <g> A 4 Q -> , 

i.e. a is injective, 6 is surjective, it holds im(o) C ker(6) , and E{—2) = er v 7 , , . 

here Q = Tp 4 (— 1) (see [OSS]). Let 7r : C 5 ® Op 4 -> Q be the natural projection in the 

Euler sequence. The standard Hermitian inner product in C 5 defines the standard flat 

Hermitian metric in the trivial bundle C 5 <g> 0p 4 , and hence a quotient metric hg in Q. 

This induces a metric A 2 hq in A 2 Q, and hence a metric h% in (A 2 Q)® 2 by taking the two 

summands as orthogonal. Next we get a metric hb in ker(6) by restricting /13, and finally 

a quotient metric h in E(—2). 

Let x = (xo : Xi : . . . : X4) be the homogeneous coordinates in P4 with respect to the 

standard basis e ,. . . ,e 4 of C 5 . The holomorphic section in C 5 <g> Op 4 defined by e, is 

denoted e,, and we define i>j := 7r(ej) G i7°(P 4 , Q) , * = 0, . . . , 4 . 

Over Uq := { x G P4 | Xo 7^ } , v := (vi, . . . , U4) is a holomorphic frame field for Q. 

For x = (1 : X\ : . . . : X4) G £/o the quotient metric in Q(x) is given by 

hq(vi, Vj)(x) = Sij — , 1 < i, j < 4 , 



n 



1 



where ?t,= 1 + ^|xj| 2 .A holomorphic frame field u = (u±, . . . , %) for A 2 Q over [7q 



i=i 



is given by U\ := Ui A v 2 , u 2 '.— v± A V3 , W3 := v± A U4 , W4 := 1*2 A t> 3 , M5 := V2 A v 4 , 
m 6 := v 3 Av A . Since A 2 h Q (vi A u^, v fc A ^) = h Q (vi, v k )h Q (vj, vi) - h Q {v u Vi)h Q (vj, v k ) , 
it is easy to determine the matrix representation of A 2 hq(x) with respect to u(x). The 
holomorphic frame field b:= (b\, . . . , 612) for (A 2 Q)® 2 is defined by hi := (ui, 0) for 
1 < i < 6 and b t := (0, Wj_ 6 ) for 7 < i < 12 ; then the matrix representation of h^{x) 

— WW.)^^ a-4(.,)- 

Define a± : C 5 — > A 2 C 5 by a+(ej) := ei + 2 A ej + 3 , a_(e*) := e i+ i A ej+4 , < i < 4 (in- 
dices mod 5). Then the map a in (M) is defined as the composition 

a ( x ) : c 5 ^±^^ (A 2 C 5 )® 2 ^^^^ (A 2 Q(x))® 2 . 



3 SOME DETAILS AND FORMULAE 



Using 7r(x)(e ) = — ^2 XiVi , it follows that the basis (a 3 , . . . ,aj), cti :— a(ej) , of im(a) 

i=i 
is given in coordinates with respect to b as 

= (0,0,0,1,0,0,0,0,1,0,0,0), 

= (0,0,0,0,0,1,X!, 0,0, -£3,-^4,0) , 

= (0,0,a;i ) 0,x 2 ,a;3, 0,-1, 0,0, 0,0), 
= (x 2 ,x 3 ,x 4 , 0,0, 0,0, 0,0, 0,-1,0), 
= (1, 0, 0, 0, 0, 0, 0, 0, -xi, 0, -x 2 , -x 3 ) • 

(C 5 )* <g> A 4 Q = Hom(C 5 <g> Ps , A 4 Q) in (M) is defined by 

= -rj A (A 2 n(x))(a + (v)) + £ A (A 2 7r(x))(a_(v)) 



a 3 (x 
04(0; 
a 5 (x 
clq(x 
a 7 (x 

The map b : (A 2 Q)® 2 - 



&(a0(£,77)(u) 

for dgC 5 and £, 77 G A 2 Q(x) . It is easily checked that the vectors 

ai(x) = (x\x 2 , 0,0:1X4, 0, 0, X3X4, 0, 0, 0, 0, 0, 0) , 
ai(x) = (0, 0, 0, 0, 0, 0, 0, £1X3, 0,x 2 x 3 , x 2 x 4 ,0) 

are in ker(6(x)), and that a:— (a±, . . . ,aj) is a holomorphic frame field for ker(6) 
over Uq := { x E U \ Xi j£ , 1 < z < 4 } . Since (a 3 , . . . , a 7 ) is a basis of im(a), the 

projection ker(fr) — ► r v Vim (a) = -^( — 2) maps ai,a 2 to a holomorphic frame field 

a := (01,02) of E(—2) over Uq. We write the matrix representation of /i 3 (x)|ker(» with 
respect to a as block matrix 



^3(^)|ker(6) = ~ 



I) 



C B t 
B A 



where A is the 5 x 5-matrix representing /i 3 (x)|i m ( a ). This can be calculated explicitely, 
using the matrix for /i 3 (x); the result is 



C 



a 

c 2 



where 



C-2 



B 



I |2| |2/i ,1 |2\ 1 I |2| |2 1 I |2| |2/-i , l |2\ 
|Xi| |X 2 | (1 + |X 3 | ) + |Xi| |X 4 | + |X 3 | |X 4 | (1 + |X 2 | ) , 

I |2| |2/i 1 I |2\ 1 I |2| |2 1 I |2| |2/i , | |2\ 
Xi \X 3 \ (1 + X 4 ) + \x 2 \ \X 3 \ + \x 2 \ \xA (1 + Xi ) , 



/ (|xi| 2 + |x 4 | 2 )z 2 x 3 -{\x 2 \ 2 + \x 3 \ 2 )x 1 x i \ 

(1 + |x 2 | 2 )x 3 x 4 ~{\x 3 \ 2 + \x A \ 2 )x 2 

(\xi\ 2 + |X3| 2 )X4 — (1 + |X4| 2 )X1X3 

(|x 2 | 2 + |x 4 | 2 )xi -(1 + |xi| 2 )X 2 X 4 

\ (1 + |x 3 | 2 )xix 2 -(|xi| 2 + |x 2 | 2 )xs I 
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and 



A 



X4X3 X\X2 

X3 £4 

n + \x 2 \ 2 X4X1 

XiXi n + \xz\ 



X3X1 \ 
x 2 x?, 

Xi 

X 2 



( n + 1 x 2 x 4 
X4X2 n + \xi\ 2 
X3X4 X3 

X 2 X\ £4 

y X1X3 Z3X2 X\ X2 n+\x^ ) 

The matrix representation of the metric h(x) in E(x) with respect to a(x) is now given 
by 

h(x) = -(C - B l ■ A' 1 ■ B) . 

n 

We used MAPLE to explicitely calculate h(x), but the resulting expression is to large to 
write down here. 

We view x — (xi, . . . ,xA as holomorphic coordinates in Uq via the standard chart 
(x±, . . . ,£4) 1— ► (1 : Xi : . . . : xA . With respect to these coordinates, the Kahler form of 



the Fubini-Study metric g is u> g 



n = 1 + ^2 \%i\ 2 as above. 
i=i 



Yl 9apdx a A dxp , where g, 



'all 



' ' ^ with 



"n.-j 



a,/3=l 



Let -D be the Chern connection in (E(—2),h), i.e. the unique /i-unitary connection 
compatible with the holomorphic structure in E(—2) (compare [K],[LT]), and F = D o D 
its curvature. With respect to the holomorphic frame field a for E(—2) over Uq, we write 



F=(Fi 



l 3H,j=l,2 



and Fy = Yl F%japdx a A dxp , 1 < «, j < 2 . Let be h 



[H, 



a,p=l 



ij/i,j=l,2 



with respect to a, and {H' l3 ) i ^ =1 ^ '.— h x . Then it holds 



d 2 H i:i 



F ij*p = -J2^ nL HkJ+ Yl 



dH„ 



ik Tjkl vBim 



, i dx a dxp k f-^ =i dx a dxp 



H 



m ] 



The mean curvature K of h (with respect to g) is defined by the relation 



F AujI 



"2 K < 



With respect to a we write X = (-Kij)ij=i,2 , then it holds 



(*) K, 



22 d^Fijafl 
a,p=l 



E »' 5 ° E 



5 Hit 



a,/3=l 



,fc=l 



dx a dx/3 



rrkj _ V^ ff fc * ' m Ef mj 



k,l,m=l 



dx r 



dxf. 



where 



7 a/?\ 



W=l,...,4 := ((^q/3)q,/3=1,...,4) , 1-e. ^ = n(5 a/3 +X a X/3) . 
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Since the H^ and g a @ are explicitely given, the calculation of K(x°) for a given point x° 
can now be done as follows (using MAPLE where necessary): 

- determine ^ H j£ (x), ^-{x), ^^(x), 1 < i, k < 2, 1 < a, (3 < 4, for a general point x; 

- substitute x° into h, and invert the scalar matrix h(x°) to get the H l i(x°) y s; 

- substitute x° into £^, ^f , ^, g a ^, 1 < i, k < 2, 1 < a, (3 < 4; 

- substitute the resulting scalars into the right hand side of equation (*), and evaluate. 
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